We report the appearance of multiple numbers of completely flat band states in an extended Lieb lattice model in two dimensions with five atomic sites per unit cell. We also show that this edge-centered square lattice can host intriguing topologically nontrivial phases when intrinsic spinorbit (ISO) coupling is introduced in the microscopic description of the corresponding tight-binding Hamiltonian of the system. This ISO coupling strength acts like a complex next-nearest-neighbor hopping term for this model and can be, in principle, tuned in a real-life experimental setup. In the presence of this ISO coupling, the band spectrum of the system gets gapped out, leading to nonzero integer values of the spin Chern number for different bands, indicating the nontrivial topological properties of the system. Furthermore, we show that for certain values of the ISO coupling, nearly flat bands with nonzero Chern numbers emerge in this lattice model. This opens up the possibility of realizing interesting fractional quantum spin Hall physics in this model when interaction is taken into account. This study might be very useful in an analogous optical lattice experimental setup. A possible application of our results can also be anticipated in the field of photonics using single-mode photonic waveguide networks. * ; Present address: Raymond and Beverly Sackler School of Physics and Astronomy, Tel Aviv University, Tel Aviv 69978, Israel.
I. INTRODUCTION
In recent years, the study of novel topological phases of matter has emerged as one of the most exciting areas of research in the field of condensed-matter physics. It ties the fundamental physics and technology, providing a possible test bed for exploring new kinds exotic particles, such as anyons [1] , Majorana fermions [2, 3] , fractons [4] , etc., for potential technological applications like high-performance electronics and topological quantum computation [5] . Motivated by the theoretical formulation [6, 7] , and subsequent experimental observation of the quantum spin Hall effect in HgTe/CdTe quantum wells [8] , intensive research has been performed in this direction. In particular, topological insulators have become a hot topic in the condensed-matter community owing to their unusual physical properties as well as for their promising technological applications in spintronics and quantum computation [9, 10] . Topological insulators (TIs) [11] [12] [13] are a special kind of insulator, which possesses an insulating band gap in the bulk like a conventional insulator but supports gapless conducting states at its edges or surfaces. These unique edge states of TIs are topologically protected by time-reversal symmetry and robust against any nonmagnetic and geometric perturbations as long as the bulk gap is not closed. Such exotic new states of quantum matter in both two and three dimensions are characterized by a topological invariant Z 2 , which is known as the topological quantum number [14] . Often, simple tight-binding models allow us to bring out the essence of interesting topological proper-ties in condensed-matter systems. To date, a wide range of tight-binding lattice models [15] [16] [17] have been probed successfully to evince the existence of interesting topological insulating phases of matter in simple lattice geometries.
On the other hand, translationally invariant lattice systems which exhibit one or more flat bands (FBs) in their Bloch spectrum have generated considerable interest over the course of time [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . The presence of these momentum-independent zero-dispersion bands in the spectrum implies the existence of a macroscopic number of entirely degenerate single-particle states at the flat-band energy. Due to the vanishing group velocity corresponding to the FBs, wave transport in the system is completely suppressed, leading to a strong localization of the eigenstates. In fact, these localized states span only a few lattice sites, forming a compact localized state (CLS) [30] [31] [32] [33] [34] . The study of such FB systems has always kept scientists intrigued as it provides an ideal playground to investigate various interesting strongly correlated phenomena, such as unconventional Anderson localization [35, 36] , Hall ferromagnetism [37, 38] , high-temperature superconductivity [39] , and superfluidity [40, 41] , to name a few. In recent times, certain interesting studies have shown the transition between the flat bands and the Dirac points appearing in simple tight-binding lattice models, such as the two-band checkerboard model and three-band kagome and Lieb models [42] [43] [44] . Also, systems exhibiting nearly FBs with nonzero Chern numbers are proposed to be promising candidates to realize fractional Chern insulators analogous to the flat degenerate Landau levels appearing in a continuum [19-21, 32, 45, 46] .
Interest in FB systems is not restricted only to the condensed-matter community; it has also gained substantial attention in the optics domain with recent experimental advances. Due to the high degeneracy and complete localization, FBs have relevance in many technolog-ical applications, such as diffraction-free propagation of light [47, 48] , enhanced light-matter interaction, generating slow light [49] , etc. Although the theoretical proposal on the existence of FBs in certain periodic lattice geometries has been known for a long time, interest has been renewed in recent times with the experimental realization of FBs in a variety of photonic lattices [47, 48, [50] [51] [52] [53] [54] [55] , ultracold atoms in optical lattices [56] [57] [58] , and excitonpolariton condensates [59, 60] . Also, from the experimental point of view, in particular, for optics experiments, nonlinear effects are relatively easy to probe in a system with nondispersive bands. Apart from these, recently people have come up with new flat-band models based on a real organic material platform [61] [62] [63] [64] [65] [66] , for which they have discussed the appearance of intriguing flat-band states adopting density functional theory based calculations as well as tight-binding analysis. Over the course of time, a wide variety of lattice models have been reported to exhibit FBs in their band structure, among which the Lieb lattice has been one of the most popular, and it has been explored with vigor to accomplish various interesting physical properties of this lattice model [41, 45, 47, 48, 52, 55, 57, 58] . A conventional Lieb lattice has three atomic sites per unit cell and can be thought to originate out of a square lattice. So a natural question which crosses our mind is that, Can we cook up other interesting variations of such lattice geometries out of a square lattice with intriguing topological properties? In this paper, we address this question and study the topological properties of an edge-centered square lattice with five atomic sites per unit cell, named an extended Lieb lattice [66, 67] (see Fig. 1 ). We an-alyze the band spectrum of this lattice geometry based on a tight-binding approach and show that it can support multiple FB states in the presence of only nearestneighbor hopping. Upon inclusion of intrinsic spin-orbit (ISO) coupling in the model, it shows interesting nontrivial topological properties. We demonstrate that this model can have a nonzero topological invariant, and may act as a possible host for a two-dimensional topological insulator.
In what follows, we present the model and describe the essential results of this study. The rest of the paper is organized as follows: In Sec. II, we depict the lattice model and write down the corresponding tight-binding Hamiltonian describing the model. In Sec. III, we illustrate the FBs appearing for this model and also furnish the necessary system parameters for their appearance. The role of the inclusion of ISO coupling in the model is explained in detail in Sec. IV. The appearance of the corresponding nontrivial topological properties in the system is described in Sec. V with a demonstration of the Berry curvature for the bands with nonzero Chern numbers. In addition, we also show the appearance of the edge states in the system confirming its topological properties. In Sec. VI, we discuss the possible implementation of the lattice model in an analogous optical lattice setup which provides a very flexible environment for observing complex condensed-matter phenomena. Finally, in Sec. VII, we conclude with a summary of the key findings and future outlook.
II. THE MODEL AND THE MATHEMATICAL SCHEME
We start by writing down the tight-binding Hamiltonian for the extended Lieb lattice structure shown in Fig. 1 . The building block of the lattice structure is repeated periodically over a two-dimensional plane to form the entire lattice geometry. The unit cell consists of five atomic sites. The Hamiltonian of the system within a tight-binding formalism readŝ
where (m, n) stands for the unit cell index and i denotes the atomic site index within a unit cell.c † m,n,i = c † m,n,i,↑ c † m,n,i,↓ is the creation operator matrix for electrons (with spin up (↑) and spin down (↓), respectively) at site i within cell (m, n).ǫ i = diag ǫ i,↑ , ǫ i,↓ refers to the on-site energy matrix,Λ ij = diag(t, t) is the intracell hopping amplitude matrix, andΛ ij = diag(λ, λ) is the inter-cell hopping amplitude matrix. By applying the Fourier transformation to the real-space Hamiltonian (1), we obtain the Hamiltonian in the momentum
It should be noted that, since the two spin projections (spin up (↑) and spin down (↓)) are time-reversal partners, i.e.,
it is sufficient to restrict our attention to any one of the spin projections. We set
The entire Hamiltonian consists of two uncoupled blocks corresponding to spin-up and spin-down projections, and the resulting bands in the k space are two-fold degenerate. The matrixĤ 0 (k) is given bŷ
We
Note that, as we incorporate the ISO coupling term in the Hamiltonian later on, we adopt a general spin dependence in our notations from the beginning. We extract the important information about the band structure of the system by diagonalizing the matrix in Eq. (3). Here, we have the two tuning parameters λ and t in H 0 (k), which we can adjust to have interesting band features for this model. The results are presented in the next section.
FIG. 2:
Band dispersions for the extended Lieb lattice geometry shown in Fig. 1 . Two nondispersive completely flat bands appear in the band structure at energies E = ±1. We have set the values of the hopping parameters as t = 1 and λ = 1.
III. FORMATION OF THE NONDISPERSIVE FLAT BANDS
In this section, we show and explain the appearance of FBs in our proposed lattice model. The starting point is to diagonalize Eq. (3). The resulting band spectrum is shown in Fig. 2 , which comprises two completely flat bands and three dispersive bands. The geometrical structure of a lattice is one of the primary reasons for the existence of FBs, and is related to the wave localization due to destructive interference on the lattice. This lattice geometry offers such a scenario and we can clearly observe the appearance of multiple FBs in its band structure (see Fig. 2 ). Here, we have two FBs appearing symmetrically at the energies E FB = ±λ, and they are touched by a dispersive band sandwiched in between them. This is in contrast to the band structure of a conventional Lieb lattice, where there is one FB sandwiched in between two dispersive bands, forming a triply degenerate Dirac point which resembles a spin-1 conical-type energy spectrum [43, 68] . We note that, the band structure and the flat bands appearing here in the case of the extended Lieb model cannot be reduced to the band spectrum of a conventional Lieb model via an adiabatic continuous deformation, as mentioned in Refs. [43, 44] .
The appearance of these FBs can be physically interpreted from different points of view. In a momentum space description, we can say that the effective mass of the particle in a flat band becomes infinite, making it superheavy such that it cannot move and therefore the resulting band is nondispersive. On the other hand, from a real-space point of view, we can say that the hopping of the particle between different parts of the lattice is effectively turned off, leading to the formation of CLSs [30] [31] [32] . In the CLS, the particles are highly localized over a few lattice sites, and beyond that region, the wavefunction amplitude vanishes, as depicted in Fig self-localized over an octagonal-ring block induced by destructive interference. We may call such blocks localized prisons in which the particles are trapped, circulating over an octagonal-ring zone and not able to escape from it. The particles in such localized prisons with no kinetic energy form the flat-band state. We can always find a construction of wave-function amplitudes with positive, negative, and zero weights corresponding to a FB state in absence of any external magnetic field, as verified for a wide range of lattice geometries elsewhere [23, [30] [31] [32] [33] . This can be considered an important hallmark of a FB state in any tight-binding lattice model, as is the case for the present lattice geometry as well. We note that, one may construct similar CLSs corresponding to a general Lieb (2N +1) lattice model supporting N numbers of FBs, where N is the number of sites on the edges [66, 67] .
The two nondispersive FB states for this lattice model appear at the energies E FB = ±λ. This indicates that, one can easily control the energy at which the particle freezes by suitably tuning the value of the hopping parameter λ. The gap between the top and bottom dispersive bands and the adjacent flat bands can be controlled by changing the value of t. The above facts can have a significant implication when one talks about the photonic flat-band localization. In a photonic version of the present lattice geometry, by suitably changing the corresponding control parameters, one might easily manipulate the frequency at which light will be trapped. This might be useful for technological applications in photonics. Up to this point we have discussed the FB states for the present lattice model with only nearest-neighbor hopping. Next, we address the effect of adding a complex next-nearest-neighbor hopping to this model. This is encountered by including an ISO interaction term in the corresponding Hamiltonian of the system, as discussed in the next section.
IV. EFFECT OF THE INTRINSIC SPIN-ORBIT COUPLING ON THE BAND STRUCTURE
The aim of this section is to see what happens to the band structure of the present lattice geometry when an ISO coupling term is included in the Hamiltonian in Eq. (1). Such an ISO coupling term plays the role of an effective magnetic field for the two different spin projections of a particle in a tight-binding lattice model. However, there is an important fundamental difference between the two quantities: a real magnetic field is an external quantity which breaks the time-reversal symmetry (TRS) of the system, whereas the ISO coupling is an intrinsic property of the system and it preserves the TRS. An important physical consequence of this fact is that, one can realize the quantum spin Hall effect in a material in the absence of an external magnetic field, as predicted by Kane and Mele for a hexagonal lattice model [6] , and subsequently taken forward by others for a variety of interesting tight-binding lattice geometries [68, 69] . Another important motivation for the investigation of such a term is that, inclusion of this term often lead to engrossing topological phase transitions in the system. To determine if this lattice model supports such interesting topological phases, we include the ISO interaction term in the Hamiltonian (1) with the following form:
m,n,i σ zcm,n,j + H.c. , (4) where ν ij = −ν ji = ±1 according to the orientation of the path connecting the two next-nearest-neighbor sites i and j [6] . α determines the strength of the ISO coupling. σ z = diag(1, −1) is the z-component of the Pauli spin matrices, and thus the sign of the hopping amplitude is opposite for the two spin components, ↑ and ↓.
In the momentum space the corresponding Hamiltonian readsĤ
Here, the +(−) sign refers to the Hamiltonian block for the spin-up (spin-down) projection. This effectively means that the two different spin species are subjected to two opposite effective magnetic fluxes. We note that H ISO does not have a k dependence since all the possible next-nearest-neighbor sites are within the same unit cell for our model (see Fig. 1 ). The total Hamiltonian of the system corresponding to a spin species will now be a combination of Eqs. (3) and (5). As we tune the ISO coupling strength α to a nonzero value, the band spectrum of the system gets gapped out, as shown in Fig. 4 . In general, as we change the value of α = 0, the completely flat bands in the spectrum get destroyed as displayed in Fig. 4(a) . However, for the special value of α = 0.5, an isolated completely flat band reappears at the band center with energy E = 0. This case is exhibited in Fig. 4(b) . The intrinsic spin-orbit coupling parameter α plays the role of an effective magnetic field in this tightbinding lattice model. In general, such a magnetic flux destroys the existing flat bands in system, but for certain combinations of such a magnetic flux, a completely flat nondispersive band reappears in the band structure of the lattice model [70, 71] . Similarly, for the present lattice model, in general, for a nonzero finite value of α, the existing flat bands in the spectrum get destroyed, and for the special value of α = 0.5, one of the bands becomes completely flat. For this special combination of the parameter α along with other system parameters, a destructive quantum interference takes place at the energy eigenvalue E = 0, and the corresponding eigenstates get completely localized forming a flat band at that energy in the band center. The corresponding CLS amplitude distribution is shown in Fig. 5 . band gaps in the spectrum is an important criterion to identify interesting nontrivial topological phases in the system. Hence, a relevant question to ask is whether the resulting gaps for our model are topologically nontrivial. This question is addressed in the next section.
V. IDENTIFICATION OF THE NONTRIVIAL TOPOLOGICAL PHASE
To gain insight into whether the present lattice model supports nontrivial topological properties, we compute the Berry curvatures and the corresponding Chern numbers for all the bands. The Berry curvature of the nth band is given by [72, 73] F (E n , k) =
where H = H 0 + H ISO and ψ n (k) is the nth eigenstate of H(k) with eigenvalue E n (k). From Eq. (6) we can work out the Chern number C n associated with band n as follows:
where 1BZ indicates that the integral is over the first Brillouin zone of the related lattice model. It is important to note that, for the Chern number to be well defined, we need to have gaps between all the bands in the spectrum; that is, if the two bands touch each other at any point, then the Chern number will be ill-defined. To resolve the issue of the spin degeneracy of the bands for our model, we project the system into a single spin component and then calculate the Chern numbers for the spin-up (↑) and spin-down (↓) bands separately as C ↑ n and C ↓ n , respectively. The topological invariant for such spin-dependent two-dimensional lattice models is defined as spin Chern number C s n = C ↑ n −C ↓ n [69, 74, 75] . As TRS is preserved in the system, the total charge Chern number C c n = C ↑ n + C ↓ n [74] is zero for this model. It follows that C ↓ n = −C ↑ n leading to C s n = 2C ↑ n . Following the above prescription, we have computed the Chern numbers C ↑ n and C ↓ n in the presence of a nonzero value of α = 0.5. We have found the corresponding values to be C ↑ n = (1, 0, 0, 0, −1) and C ↓ n = (−1, 0, 0, 0, 1), respectively. In these expressions, the values from left to right correspond to going from the lowest to highest bands. It is clearly evident from the above values that the lowest and highest bands in the spectrum are topologically nontrivial with nonzero values of the Chern numbers, while the bands in the middle appear to be topologically trivial with zero Chern numbers. We note that, for α = 0.5, there is a completely flat band in the middle of the spectrum [see Fig. 4(b) ]. Hence, the fact that a completely flat band cannot have a nonzero Chern number is also reflected by our result of the Chern numbers. This is true because we cannot have completely flat band, nonzero Chern number, and short-range local hopping simultaneously in a single tight-binding model -it is possible to satisfy any two of these three conditions simultaneously [76] . We have exhibited the distribution of the Berry curvatures in the momentum space corresponding to the topologically nontrivial bands for the spin-up (↑) case in Fig. 6 . We can easily find the marked features appearing in the distribution of the Berry curvatures for such topological Chern bands as evident in Fig. 6 . The values of these topological measures C ↑ n (C ↓ n ) remain unchanged until the energy gap collapses. As we change the value of α, there will be a certain point where one might observe a topological phase transition. At such a point, the values of the Chern numbers change for different bands. For our model we witness such a phenomenon; for example, we obtain C ↑ n = (0, 1, 0, −1, 0) and C ↓ n = (0, −1, 0, 1, 0), corresponding to the band spectrum in Fig. 4(a) with α = 0.1. So there is a distinct topological phase transition in the system as reflected by the changes in the values of Chern numbers for different bands. Such a topological phase transition is always associated with an energy gap closing and then reopening around the transition point. The Berry curvature distributions corresponding to these Chern bands for α = 0.1 are shown in Fig. 7 . Interestingly, it should be noted that, for α = 0.1, the bands (n = 2 and n = 4) which pick up the nonzero Chern numbers are almost flat. Such nearly flat bands with nonzero Chern numbers may be treated analogously to the flat degenerate Landau levels appearing in a continuum model in the presence of a real magnetic field. Hence, this might lead to an interesting possibility of realizing fractional quantum spin Hall physics in this lattice model when the interaction between particles is taken into account. The value of the spin Chern number is a measure of the spin Hall conductivity in the system, and both the quantities are related in the following way [69, 74] :
where the summation is over all the filled bands n ′ with energy E n ′ < E F , with E F being the Fermi energy level. Thus, in our model for different band fillings we will get nonzero values of σ SHC . As the spin Hall conductivity σ SHC is connected to the Z 2 topological index ν = σ SHC /2 mod 2 [69] , we may conclude that our lattice model can, indeed, be a potential host for a topological insulator in the presence of intrinsic spin-orbit coupling. To further demonstrate the topological properties of the system, we compute the edge states [6] for this lattice model. We use a standard recipe to compute the edge states, which is to effectively place the system on a cylinder; that is, we consider the periodic boundary condition in one direction of the lattice geometry and truncate it to a finite size in the other direction. We construct the Hamiltonian for such a truncated strip with the periodic boundary in one direction and diagonalize it to get the edge states lying inside the gaps between the bulk bands. We show the results in Fig. 8 for α = 0.5 and α = 0.1. Here, we have considered a periodic boundary condition along the x direction and an open boundary along the y direction with 100 unit cells. We can clearly observe the presence of the edge states (indicated by red lines) inside the bulk band gaps in Fig. 8 . The nonzero values of the Chern numbers manifest in the presence of these edge states for this lattice model. The number of edge states appearing inside the bulk gaps in the band structure is related to the sum of the Chern numbers associated with the filled bands via the following relation [77] :
where N p is the number of edge states in the pth bulk gap. This is known as the bulk-boundary correspondence since it connects the properties of the system in the surface and in the bulk.
VI. POSSIBLE APPLICATION OF THE MODEL
Experimental realization of the interesting topological phases found in this lattice geometry using ultracold atoms in an analogous optical lattice setup can be a compelling task to execute. Over the last couple of years, ultracold atoms trapped in an optical lattice hasve become an ideal playground to probe various condensed matter phenomena ranging from quasi-free to strongly correlated. These artificial crystals of light created by two or more interfering laser beams offer a unique setup with full control over a wide range of system parameters, such as hopping amplitudes, interaction strength, potential depth etc. [78] . Such a high degree of control and fine tunability of the parameters allow us to access a regime which is otherwise unreachable in real condensed-matter systems.
In cold-atom systems, an atom's internal state plays the role of the spin state in the absence of the real spin [75, 79] . This adds an important advantage to the measurement process -one can directly evaluate the spin Chern number by optically measuring the internal state of the atoms. In these kinds of systems, there is a connection between the spin Chern number and the spin-atomic density [79] . This allows one to detect the topological properties of the system by measuring the spin-atomic density by using standard density-profile measurement techniques employed for cold-atomic systems [79, 80] . An alternative way to detect the topological properties in cold-atom systems is to image the corresponding edge states [81] . However, in an optical lattice, as the ultracold atoms are confined in a harmonic trap which smoothly varies in space, there is a lack of sharp edges in the system. Such soft edges in the system may modify and destroy the usual ordered band structure of the system consisting of bulk bands and edge states in the gaps. Nevertheless, it has been shown that, even for the system with soft edges, the topological invariants remain rigid [81, 82] . In this context, we propose that given the simple geometrical structure of the system, the present lattice model might be translated into an analogous optical lattice setup and the corresponding physical properties can be easily measured using the methods mentioned above. Spin-orbit coupling, being an atom's intrinsic property, cannot be varied in a real condensed-matter system. However, ultracold atoms in an optical lattice are a promising platform in this regard. Intrinsic spinorbit coupling which is a complex next-nearest-neighbor hopping in other words, can be tuned in the cold-atom setup by circular periodic modulation of the lattice [83] . Nevertheless, in the present case, the phase of the nextnearest-neighbor hopping for two spin projections (spin up and spin down) should be equal but opposite, such that the entire system remains time reversal symmetric. This condition can be achieved by trapping the ultracold atoms in spin-dependent lattice (i.e., one for spin-up particle and the other one, superimposed, for spin-down particles) and then shaking these two lattices circularly but with opposite orientation for two spin directions. We note that a time-reversal-symmetric topological insulator was already realized in a cold-atom setup [84, 85] . So the above method may enable us to produce the interesting topological features found for the present lattice model in a possible real-life experimental setup. To create such an analogous optical lattice corresponding to Fig. 1 , one has to generate a periodic potential well in two dimensions using suitable combinations of sine and cosine potential functions [86] and then trap the neutral ultracold atoms inside such a potential pattern in a deterministic way to form the desired lattice pattern. Such a complex architecture of an extended Lieb optical lattice model is envisioned schematically in Fig. 9 .
VII. CONCLUDING REMARKS AND FUTURE OUTLOOK
In conclusion, we have studied the emergence of interesting flat-band physics and nontrivial topological properties in an extended Lieb lattice model with five atomic sites per unit cell. We have shown that, this lattice geometry offers multiple numbers of completely flat nondispersive bands in its band spectrum only with a nearestneighbor hopping model. These completely flat bands are accompanied by other gapped and nongapped dispersive bands in the band structure. This is in marked contrast to the band structure of a conventional three-site unit cell Lieb lattice model, where one encounters a single flat band sandwiched between two dispersive bands which form a Dirac-cone-like structure. Such a Dirac cone does not appear for this extended Lieb lattice model, and also we have more than one flat band in the spectrum.
With the inclusion of an intrinsic spin-orbit interaction term in the corresponding tight-binding Hamiltonian, band gaps open up in the system for this lattice model. Such intrinsic spin-orbit coupling acts like a com-plex next-nearest-neighbor hopping amplitude for this model, and it plays the role of an effective magnetic field for the system. However, an important feature is that it does not break the time-reversal symmetry of the system. In the presence of such time-reversal symmetry in the system, this model allows for the manifestation of nontrivial topological characters of certain bands in the gapped spectrum. This is explicitly verified by computation of the spin Chern numbers for different bands appearing in the band spectrum. We have obtained nonzero integer values of the spin Chern numbers, suggesting the appearance of interesting nontrivial topological quantum spin Hall phases for this lattice model. In addition to that, for certain values of the intrinsic spin-orbit interaction strength, we have identified the appearance of almost flat bands in the spectrum with nonzero integer values of the Chern numbers. This opens up the interesting possibility of exploring the fractional quantum spin Hall effect in this lattice model when the interaction among the particles is taken into consideration. Finally, we propose that this model and the corresponding results might be tested and accomplished experimentally using an analogous optical lattice setup with ultracold atomic condensates.
In the present study, we have explored the topological properties of a variation of edge-centered square lattice model. It might be really interesting to carry forward this idea to other classes of edge-centered square lattice models and to examine if we can also have interesting topological properties emerging out of such systems. Another significant futuristic direction of the present work could be to investigate the effect of Rashba spin-orbit interaction or Zeeman field or the combination of both on the flat bands and topological properties of such different classes of extended Lieb lattice models. The study of photonic flat-band localization and nonlinear effects in an extended photonic Lieb lattice model could also be an interesting future direction of the present study.
